Modern theoretical estimates show that with the help of real equipment we are able to detect large satellites of exoplanets (about the size of the Ganymede), although, numerical attempts of direct exomoon detection were unsuccessful. Lots of methods for finding the satellites of exoplanets for various reasons have not yielded results. Some of the proposed methods are oriented on a more accurate telescopes than those exist today. In this work, we propose a method based on relationship between the transit timing variation (TTV) and the brightness fluctuations (BF) before and after the planetary transit. With the help of a numerical simulation of the EarthMoon system transits, we have constructed data on the BF and the TTV for any configuration of an individual transit. The experimental charts obtained indicate an easily detectable near linear dependence. Even with an artificial increase in orbital speed of the Moon and high-level errors in measurements the patterns suggest an accurate correlation. A significant advantage of the method is its convenience for multiple moons systems due to an additive properties of the TTV and the BF. Its also important that mean motion resonance (MMR) in system have no affect on ability of satellites detection. At the end we tried to retrieve parameters of the Moon (without additional satellites) on the basis of the simulated photometric curves. The results perform errors at the level of ≈ 0.45 for the mass and ≈ 0.24 for the radius with TTV measurements accuracy =60s and Kepler-like noise for photometry.
At the end we tried to retrieve parameters of the Moon (without additional satellites) on the basis of the simulated photometric curves. The results perform errors at the level of ≈ 0.45 for the mass and ≈ 0.24 for the radius with TTV measurements accuracy =60s and Kepler-like noise for photometry.
Introduction
A bit more than fifteen years ago first constructive statements about satellites of extrasolar planets began to appear. Since then a large number of techniques aimed at exomoons search has been published. Based on time variations (Sartoretti & Schneider (1999) ; Lewis et al. (2008) ; Kipping (2009a) ), on photometry analysis (Sartoretti & Schneider (1999) (2014)) and others. Actually, none of these methods performed a reliable evidence of receiving a strong signal from satellites of exoplanets. Partially that happened because about a half of these research are keen on the future space observatories: PLATO telescope (Hippke & Angerhausen (2015) ) and CHEOPS (Simon et al. (2015) ) and can't achieve necessary accuracy with the help of modern equipment. The same problems have spectroscopic studies based on Rossiter-McLaughlin effect. Some methods like rooted in strong computer treatment (Kipping et al. (2012) ) or in analysis of TTV-TDV diagrams (Heller et al. (2016) ) may be used with current data from Kepler Space Observatory (or groundbased telescopes). At the same time the structure of TTV-TDV figures is very complex and it's difficult to build them with a small amount of planetsatellites transits. It's much easier to make a conclusion about the existence of exomoons around an exoplanet based on linear relationship. In this paper we present a method where quasilinear connection was found between time transit variations and brightness fluctuations near the planetary transits. This technique is applicable to the Kepler data and gives an opportunity to detect groups of satellites as well as planet-one satellite systems.
The actuality of the study was highlighted by the fact that habitable zones are not the only places where life can be found. Tidal forces of a gas giant and close satellites can organize suitable life conditions on gas giant's moons. Examples of such behaviour can be found in our own Solar system. The Jupiter's satellite Europa and the Saturn's Enceladus may have microbial lifeforms under ices of their surface.
So, at the present moment of time we still stand near the front door of the revolution in the sphere of habitable satellites studying. The discoveries of satellites outside our home expand our possibilities in search for life.
TTV and brightness fluctuations due to an exomoon
Let's assume a faraway spectator observes a planetary system of a certain star. So his visual ray is located accurate in the plane of the system. Our spectator could make ephemerides for transits of one chosen planet. In the case, the time of begining and ending of every new transit will shift comparing with the ephemerides. The difference between observed and predicted times of a transit is known as transit timing variation or TTV (Sartoretti & Schneider (1999) ) . The variation of the overall transit time is known as time duration variation or TDV (Kipping (2009a) ).
Actually, such variations of the planet may be caused by variety of things. First of all, we can observe a perturbing planet with an unstable orbit. Different effects were studied as an effective sources of timing variations: an effect of parallax (Scharf (2007) ), trojan bodies (Ford and Holman (2007) ), stellar proper motion (Rafikov (2009) ), Kozai mechanism induced eccentricity variation (Kipping (2008) ), apsidal precession (Jordán and Bakos (2008) , stellar spots and darkening (Alonso et al., (2008) ), planetary in-fall (Hellier et al. (2009a) ), the Applegate effect (Watson and Marsh (2010) ) and stellar binarity (Montalto (2010) ).
On the other hand, one of the reasons of such behaviour would be the existence of exomoons around this planet. Due to this fact, TTV and TDV occur. The structure of the transit is presented in (Figure 1) .
In Figure 1 , we illustrate the main stages of the transit of an exoplanet system with one satellite. Here, the big white circle denotes the star, the middle circle denotes the planet (p) and small circle denotes the satellite (s). The barycenter (b) of the planet -satellite system is shown as the small dot on the line connecting the planet and satellite. The times t s
2 ) correspond to the moments when the center of the satellite, barycenter and the center of the planet enter (come off) the stellar disc.
The satellite influences the transit in two ways: (i) it changes the moments of transit's beginning and end (causes transit timing variation), and (ii) decreases the star's flux beyond the planetary transit. The transit timing 
The difference t tdv = δt p 2 − δt p 1 is known as time duration variation. Transit duration variation is caused by the relative motion of the planet and the satellite during transit. It's known that for orbital stability (stable orbit in Hill's sphere of the planet) satellite's period p s and p p -orbital period of the planet around the host star should satisfy the inequality: p p ≤ 9p s (Kipping (2009a) ). On the other hand, for the planet in the habitable zone orbiting the mid-main sequence star the transit duration is two or three orders less than the orbital period of the planet (Kipping (2009a) ). In our work, we assume that
Upon this assumption, the orbital speed of the planet v p and the orbital speed of the satellite v sp can be expressed as
Here, r c is the star's radius and m p , m s are the masses of the planet and satellite. If the relative potion of the planet and satellite does not qualitatively change during transit ("frozen" moon), then t tdv = v sp = 0 .
By the time Kepler Space Observatory was launched it was clear that the accuracy of a single frame would be worse than a brightness decreased by Moon in the center of Solar disc. Additionally, taking into account errors in measurements and star limb darkening it's almost impossible to detect satellite size of Ganymede around an exoplanet with only single frames. That's why more complicated and sensitive methods analyze relationship between different quantities like TTV, TDV and photometric data. In the present work, we propose to make a conclusion about the presence of an exomoon on the basis of correlation between the transit time variation and variations of star's flux beyond the planetary transit. As the photometric characteristics of the transit we chose average star's flux withing the time intervals with duration t int before and after the planetary transit:
Here, F(t) is star's flux at the moment t; The total star flux is normalized to unity, so beyond the transits F(t) = 1. As a main observation we would like to reveal that the transit timing variation and brightness fluctuations are correlated. One can get that
where δF(t) is the flux variation at the moment t. Assuming that both the exomoon and star have a spherical form, and radius of the exomoon is much smaller that of the star, r s r c , we can estimate
where I(r) is the surface brightness of the star, and r d is a relative distance between the visible position of the satellite and the center of the star's disc. Suppose now that the satellite crosses the star's disc with the constant speed v p . Then substituting (6) to (5) and switching to integration by r d , we get
Here, the initial and final positions of the satellite, r d 0 and r 1 d , are given by
Here, m p and m s are being the masses of the planet and the satellite, and the
In the last formula, all the values except the ration m s /m p can be found either from photometric measurements or the orbital parameters of the planet. The latter fact suggests that there is functional dependence between brightness fluctuations (BF), and transit timing variations t ttv , t tdv . This dependence has the form
where J(r) = I(r)dr is the antiderivative of I(r), r 1 d and r 0 d are defined in (8); the constants α and β are defined in (7) and (10).
The function Y can be found for any reasonable surface brightness distribution of the star. For example, if surface brightness distribution of the star has the form I(r) = c 0 + c 2 (1 − r 2 ) ,
with c 0 and c 2 being the constant coefficients, the function (11) reads Figure 2 shows a typical plot of this function if t int ≤ t crit . Figure 3 shows a typical plot of this function if t int > t crit . Here, the critical time t crit ≈ r c /v p is longest time the satellite can stay on project star disc before or after the planetary transit. The blue curve 'fast moon' accounts the t tdv -effect caused by the motion of the moon. The two branches of the function correspond to positive and negative signs of t tdv for a certain t tdv . To make the difference between two branches of the graph more visible the orbital velocity of the moon was increased 20 times (or orbital period set to 1.37 days), for the real plot two branches merge to each other. The red curve 'frozen moon' corresponds to the case when the relative position of the satellite and the planet does not change, or equivalently, t tdv = 0. We will mostly be concentrated on the case of frozen moon, because it is much simpler.
The TTV-BF analysis applies to the planetary systems with multiple moons. The crucial observation in this case is that the total contribution to the BF and TTV is the sum of contributions of separate moons:
where n is the number of moons. Due to additive properties of TTV and BF, the total TTV-BF effect for the planetary system can be higher than from a single moon. We perform numerical simulations TTV-BF plots for some particular system with two moons.
Numerical simulations for TTV and BF
In this section we present the results of numerical simulations for transit timing variations and brightness fluctuations. For simplicity reasons we assume that orbits of the satellite and the planet are circular and coplanar, and the transits are central. The bodies of the star, the planet and the satellite are supposed to be spherical. The motion of the planet and satellite(s) was computed in the approximation where the barycenter of the planetary system follows the Keplerian orbit around a host star and planetary satellites rotate around the barycenter. The radius of the host star is set r c = 70000 km, the radius of the planetary orbit and orbital period are a p = 150000000 km, P p = 365.25 days. The surface brightness distribution has the form (12) with c 0 = 0.142, c 2 = 0.264, and c 4 = 0. Thus, our model describes a Earth-like planet rotating a Sun-like star.
For the first simulation we took the Earth-Moon system, but with inclination of the Moon's orbit i s = 0 and zero eccentricity. Figures 2 and 3 perform results of this numerical modeling with a different integration times. The red curve in these figures corresponds to the "frozen" Moon model and the blue curve corresponds to the "moving" Moon. For clarity (to better visualize the expansion of the blue curves) we increased the orbital speed of the Moon up to 20 km per second. Figure 2 corresponds to t int =6500 sec and Figure 3 corresponds to the critical integration time, t crit ≈ t int = 13000 sec.
So, when t int less critical , the diagram change its form (figure 2). Such a rapid curve shift occurs due to limb darkening function. For example, for T T V > 0 some decrease in integration time (in this case t int <13000 sec) leads to the fact that the satellite does not reach the closer and brighter area Figure 2 : Results of numerical modeling with Earth-Moon system parameters, t int =6500 sec on the star disc. As a consequence the Moon makes much less contribution to δF(t ttv ).
The TTV-BF diagrams have a particular interest for the systems with multiple moons, where TTV-TDV dependence have complicated structure. Here, two cases seem to be different:
1 Multi-moons systems without orbital mean motion resonance (MMR). 2 Multiple moons in MMR.
In the first case (the system without MMR), its makes sense to speak only of the special zone, which limits the points chart. For example, ( Figure  4a ) shows a diagram of Earth-Moon system with the introduction of one more closer (than the Moon) companion (a = 200000km, r s = 1450km, m s = 1/95m p ). The blue line restricts the area obtained by plotting δF(t ttv ) for this system. Red dots obtained by numerical simulation of the transits follow the "frozen moons" model. On (Figure 4b ) satellites are transiting the Sun with their own speeds according to their orbits parameters. Figure 5a and 5b show the same retrieval but with a more distant (than the Moon) satellite, matches to Jupiter's Io (a s = 420000km, r s = 1820km, m s = 1/67m p ).
In the second case (taking into account MMR), the diagrams represent curves instead of special zones (Figure 6,7) . On the figure 6, the Moon was introduced in 2:1 MMR with a closer satellite. (Figure 6a ) and (Figure 6a ) are differ because of phase shift, in (Figure 6a ) the satellite and the Moon always shifted by π/2 in the central moment of transit.
So, the introduction of additional satellites virtually had no impact on the type of chart. In the first case (without MMR), contact zones are very similar Figure 3 : Results of numerical modeling with Earth-Moon system parameters, t int =13000 sec to charts we made for a single moon. Similarly, in the case of MMR charts practically do not change their appearance. That is, the proposed method can also be applied to systems of two satellites.
Application to detection of exomoons
In the second stage of the simulation we made an analysis of δF(t ttv ) diagrams. As it was shown in theoretical section (n. 2), brightness fluctuations function (11) depends only on the two unidentified characteristics: the mass of the satellite (m s ) and its radius (r s ), which are contained in the parameters α and β. The third parameter, the semi-major axis of satellite's orbit, can not be found from the δF(t ttv ) charts. However, having a sufficient amount of transits we can estimate orbital radius on the basis of the maximum transit timing variation.This implies that v p t ttv m p +m s m s → a s when t ttv → max. Thus, with the help of iterative approximations of experimental points on the diagram we can get the desired parameters of the satellite. At the same time, it is evident that the satellite orbit's radius will be found based solely on the maximum absolute amount of t ttv . Table 1 and 2 show the parameters of data retrieval in Earth-Moon system (without an additional satellite). 
Conclusions
Based on the photometric curves of a limited number of Earth's transits (corresponding to the actual situation with the Kepler Observatory data), we tried to restore the real parameters of the Moon. As it was shown, the Moon's radius can be found with the accuracy for the radius about 590 km and for the mass ≈ 140m p /m s . It's important that in the case of linear brightness distribution δF(t ttv ) ∼ αβ. So, the parameter r s 2 m s which equivalent to αβ can be found with the best accuracy. Because of the fact that a real brightness distribution is very close to linear, result of αβ parameter retrieval is close to the real value. Large errors in determining the mass associated with errors in measuring the position of the planet. The measurement errors depend on the stellar magnitude of the observed star. In this case, the accuracy used (1 min) can be achieved with ground-based telescopes. For example, during 2012 at Gemini North a 1 minute brightness integration was used for stars of 11-12 Kepler magnitude (Rowe et al. (2014) ). The accuracy taken for photometry (δF = 0.00006) is close to the maximum for the Hubble. According to HST's official data (http://hubblesite.org/) , photometry of the transiting planet HD209458b has achieved near-Poisson-limited precision (but in ten min. integration instead of one) with the largest non-random errors resulting from rapidly changing environmental conditions related to HST's low-Earth orbit.
The main advantage of the method is its accuracy increases with increasing of the number of satellites around the planet (because TTV and BF are additive values). With the introduction of an additional moon at a distance greater or smaller than the radius of the Moon's orbit, the shape of the curve changes insignificantly and the accuracy of satellite detection mul-tiplies. Even with an artificial increase in the speeds of the satellites (to the velocities close to the speed of the planet), the shape of the curve remains the same. The points corresponding to the transits of the Earth with several satellites without resonance (MMR) are limited by the two-dimensional figure of "possible hit." In the case of satellite resonances, the graph has the form of a curve. The type of resonance determines the shape of the curve. For example, in the case of 2:1 MMR the function curve is enclosed. In the 3:1 case, the function has a form of an open curve.
Thus, the proposed method with the use of the modern data can not achieve necessary accuracy in determining the parameters of a planetary system with a single moon. At the same time, regardless the number of satellites in system , the method makes it possible to find out the signs of their presence with high accuracy. 
